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Inhomogeneities can increase localized stress and cause microstructural alterations to initiate fatigue failures in rolling
elements under cyclic contact loading. To study the stress disturbances created by the inhomogeneity, a two-dimensional
contact stress analysis is presented for a cylindrical indenter sliding on an elastic half-space containing an inhomogeneity of
arbitrary shape. The boundary element method is used to analyze the contact problem, where actual contact boundary,
contact pressure as well as tractions and displacements at inhomogeneity–substrate interface are determined by solving
a set of integral equations numerically. Numerical results are presented to investigate eﬀects and the stress disturbances
caused by the inhomogeneity with various locations, sizes and material properties of inhomogeneity. The results also show
that hard inclusions are more detrimental than soft deformable particles in rolling contact elements.
 2006 Elsevier Ltd. All rights reserved.
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Material inhomogeneities are known to have detrimental eﬀects on the service life of contact elements such
as bearings and gears. Inhomogeneities in the forms of hard particles and irregular shape could raise stresses to
initiate fatigue cracks near contact surface. Fatigue cracks initiation are also found at nonmetallic inclusions
in subsurface where microstructural changes of bearing steels occurs under cyclic shear stress (Tricot et al.,
1972; Swahn et al., 1976; Nelias et al., 1999). Experimental results show that bearings made of cleaner steels
have substantial longer life against fatigue failure (Akesson and Lund, 1983; Chen et al., 1991). Moreover,
globular oxides are hard and brittle and considered to be most detrimental to contact fatigue life. Quantitative
analysis of stress disturbances becomes practically important to understand the failure mechanisms produced
by material impurities.0020-7683/$ - see front matter  2006 Elsevier Ltd. All rights reserved.
doi:10.1016/j.ijsolstr.2006.05.021
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solids under external loading. In the pioneer work on the inhomogeneity problem, Eshelby (1957) pro-
posed the equivalent inclusion method to treat an elliptical inhomogeneity in an inﬁnite medium sub-
jected to uniform loading. The stress disturbance in an applied stress ﬁeld due to the presence of an
inhomogeneity is simulated by an inclusion with a proper eigenstrain. The equivalent inclusion method
has been eﬀectively used to study the behavior of inhomogeneities in advanced materials such as
strengthening dispersoids, inclusions, precipitates etc. (Mura, 1987). For more complicated inhomogeneity
problems, the boundary element technique has been used to analyze the problems such as inhomogene-
ities with various shapes in anisotropic material (Dong et al., 2003), inclusion-crack interaction (Dong
and Lee, 2005) and multiple circular inclusions in elastic media (Mogilevskaya and Crouch, 2004).
Martin and Aliabadi (1998) presented a general boundary element formulation for the two-dimensional
elastoplastic contact analysis of a rigid perfect-ﬁt pin in an inﬁnite plate. A boundary element algorithm
is presented by Gun (2004) for three-dimensional elastoplastic frictional contact problems and applied to
the contact analysis between of a rigid shaft perfect-ﬁn in an inﬁnite plate subjected to a remote uniform
loading.
While numerical results presented are mostly for the inhomogeneities in inﬁnite media subjected to pre-
scribed loads, the inhomogeneity problems for the half-space under contact loading have received limited
attention in the literature. Miller and Keer (1983) presented a two-dimensional contact stress analysis
using complex variable formulation of Muskhelishivii to study interaction eﬀects between a rigid indenter
with a near surface inclusion. However, the inclusions considered in the paper are limited to either a cir-
cular void or rigid inclusion. To investigate eﬀects caused by a general inhomogeneity, a two-dimensional
contact stress analysis is presented in this paper for a cylindrical indenter sliding on an elastic half-space
containing an inhomogeneity of arbitrary shape. The problem is analyzed by the boundary element
method, where a set of integral equations is derived by imposing appropriate boundary conditions on
the contact region and the inhomogeneity–substrate interface. As the contact region is unknown a priori,
numerical iteration based on the Bisection method is applied to determine actual contact boundary and
the contact pressure. The tractions and the displacements along the inhomogeneity–substrate interface
are also obtained by solving the integral equations numerically. Numerical results are presented to study
eﬀects and stress disturbances caused by the inhomogeneity with various locations, sizes and material
properties of inhomogeneity.
2. Problem formulation
Consider a two-dimensional contact problem as shown in Fig. 1, where a rigid cylindrical indenter with
radius R slides on an elastic half-space containing an inhomogeneity of arbitrary shape. The inhomogeneity
is located at (dx1, dx2) and has diﬀerent material properties with substrate matrix. The shear modulus and Poi-
son’s ratio for the half-space and inhomogeneity are denoted by ls, ms and li, mi, respectively. The boundary of
the half-space is the union of contact region, Cc, and the boundary outside of contact region Cs. The boundary
conditions on the free surface can be described as follows:u2ðx1; 0Þ ¼ u0  x
2
1
2R;
jx1j < c; ðx 2 CcÞ ð1Þ
r21ðx1; 0Þ ¼ fpðx1Þ; jx1j < c; ðx 2 CcÞ ð2Þ
r22ðx1; 0Þ ¼ pðx1Þ; jx1j < c; ðx 2 CcÞ ð3Þ
r2iðx1; 0Þ ¼ 0 i ¼ 1; 2 jx1jP c; ðx 2 CsÞ ð4Þwhere c is the half-width of contact strip, f is coeﬃcient of friction and u0 is the vertical displacement at the
center of indenter. The contact region, Cc, is unknown a priori when the indenter has a curved proﬁles. The
contact pressure, p(x1), transmits the force between indenter and half-space and also remains to be deter-
mined. Equilibrium in the x2-direction requires that the contact loading P should be balanced by the contact
pressure, i.e.,
dx1
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Fig. 1. (a) Problem conﬁguration: a rigid cylindrical indenter in sliding contact on an elastic half-space containing an inhomogeneity of
arbitrary shape. (b) Sliding contact of the half-space containing a void. (c) An inhomogeneity subjected to a distributed load.
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c
pðx1Þdx1 ¼ P ð5ÞMoreover, the inhomogeneity is assumed perfectly bonded to the surrounding matrix, and the equilibrium and
continuity conditions along the interface can be written as:tiðxÞjCþi þ tiðxÞjCi ¼ 0 ð6Þ
uiðxÞjCþi  uijCi ðxÞ ¼ 0; i ¼ 1; 2 ð7Þwhere ti(x) is the traction distributed along the inhomogeneity–matrix interface, Ci. C
þ
i and C

i represent the
interfaces on the substrate matrix and the inhomogeneity sides, respectively.
The problem can be treated as the superposition of two separate problems as shown in Figs. 1(b) and (c).
Fig. 1(b) shows the contact problem of a rigid indenter sliding on an elastic half-space with the region of inho-
mogeneity replaced by a void and subjected to tractions, ti(x), on the boundary. Fig. 1(c) shows the problem of
an inhomogeneity subjected to the same tractions but in opposite direction, ti(x), on its boundary. The
boundary element formulation is used to derive the integral equations for the problems and is described as
follows.
2.1. Boundary integral equation for sliding contact on the half-space
For the contact problem of a rigid indenter sliding on an elastic half-space, the integral equation can be
derived by the Betti’s reciprocal theorem asuiðnÞ þ
Z
C
THji ðx; nÞujðxÞdCðxÞ ¼
Z
C
GHji ðx; nÞtjðxÞdCðxÞ ð8Þ
C.-H. Kuo / International Journal of Solids and Structures 44 (2007) 860–873 863where GHij ðx; nÞ is the two-dimensional fundamental solution for the elastic half-space. The integral kernel
THij ðx; nÞ is the traction in xi-direction at the point x due to a point load applied in xj-direction at point n
in the half-space and can be written as:THij ðx; nÞ ¼
2lsts
1 2ts
oGHkjðx; nÞ
oxk
ni þ ls
oGHmjðx; nÞ
oxi
þ oG
H
ij ðx; nÞ
oxm
 !
nm ð9Þwhere n is a unit outer normal to the boundary. The boundary integrals in Eq. (8) can be divided into three
parts:
R
Cð  ÞdC ¼
R
Cs
ð  ÞdCþ RCcð  ÞdCþ RCið  ÞdC. On the boundary of the half-space, x 2 Cs, the trac-
tion T Hji ðx; nÞ ¼ 0 due to a point load applied in the half-space can be obtained by substituting the fundamental
solution into Eq. (9). Moreover, free traction on the boundary, Eq. (4), gives tj(x) = 0. Thus, Eq. (8) can be
rewritten as:uiðnÞ þ
Z
Cc
T Hji ðx; nÞujðxÞdCðxÞ þ
Z
Ci
T Hji ðx; nÞujðxÞdCðxÞ
¼
Z
Cc
GHji ðx; nÞtjðxÞdCðxÞ þ
Z
Ci
GHji ðx; nÞtjðxÞdCðxÞ ð10ÞBy letting the source points approach to the contact boundary, i.e, n! Cc, and imposing the contact con-
ditions Eqs. (1)–(3), the boundary integral equation can be obtained as: 1 ts
pls
Z c
c
ln jx1  n1jpðx1Þdx1 þ
Z
Ci
GHji ðx; nÞtjðxÞdCðxÞ 
Z
Ci
T Hji ðx; nÞujðxÞdCðxÞ
¼ u0  n
2
1
2R
; n 2 Cc ð11ÞAs the source points approaching the inhomogeneity–substrate boundary, i.e., n! Ci, a set of boundary inte-
gral equations can be obtained:cijujðnÞ þ
Z
Cc
T Hji ðx; nÞujðxÞdCðxÞ þ
Z
Ci
T Hji ðx; nÞujðxÞdCðxÞ
¼
Z
Cc
GHji ðx; nÞtjðxÞdCðxÞ þ
Z
Ci
GHji ðx; nÞtjðxÞdCðxÞ; n 2 Ci ð12Þ2.2. Boundary integral equation for the inhomogeneity
For the inhomogeneity subjected to the tractions along its boundary, the boundary integral equation can be
written as:uiðnÞ þ
Z
Ci
T Fjiðx; nÞujðxÞdCðxÞ ¼
Z
Ci
GFjiðx; nÞtjðxÞdCðxÞ ð13Þwhere GFijðx; nÞ is the two-dimensional fundamental solution for the inﬁnite medium and the integral kernel
can be written as:T Fijðx; nÞ ¼
2liti
1 2ti
oGFkjðx; nÞ
oxk
ni þ li
oGFmjðx; nÞ
oxi
þ oG
F
ijðx; nÞ
oxm
 !
nm ð14ÞBy letting the source points approach the boundary, the integral equation for the inhomogeneity problem
becomes:cijujðnÞ þ
Z
Ci
T Fjiðx; nÞujðxÞdCðxÞ ¼
Z
Ci
GFjiðx; nÞtjðxÞdCðxÞ; n 2 Ci ð15Þwhere cij is a constant depending on the boundary geometry at the source point n.
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Eqs. (11), (12) and (15) constitute a set of boundary integral equations where the contact pressure p(x1) and
the traction ti(x) and displacement ui(x) on the inhomogeneity–substrate interface are unknown functions to
be determined. The integral equations can be rewritten in the matrix form:½K11 ½K12 ½K13
½K21 ½K22 ½K23
½0 ½K32 ½K33
2
64
3
75
ftgCc
ftgCi
fugCi
8><
>:
9>=
>; ¼
fbg
f0g
f0g
8><
>:
9>=
>; ð16Þwhere bi ¼ u0  x
2
i
2R, and ftgCc is the vector for contact pressure, ftgCi and fugCi are the vectors for traction and
displacement on the inhomogeneity–substrate interface. The elements in the sub-matrices in Eq. (16) are de-
ﬁned as:Kij11 ¼ 
1 ts
pls
Z 1
1
ln x1  ni1
  N 1pj þ N 2pjþ1  lj
2
dr
Kij21 ¼
Z
Cc
GHmnðx; nÞtnðxÞdCðxÞ
Kij12 ¼
Z
Ci
GHmnðx; nÞtnðxÞdCðxÞ; Kij13 ¼ 
Z
Ci
T Hnmðx; nÞunðxÞdCðxÞ
Kij22 ¼
Z
Ci
GHmnðx; nÞtnðxÞdCðxÞ; Kij23 ¼ 
Z
Ci
T Hnmðx; nÞunðxÞdCðxÞ
Kij32 ¼ 
Z
Ci
GFmnðx; nÞtnðxÞdCðxÞ; Kij33 ¼
Z
Ci
T Fmnðx; nÞunðxÞdCðxÞ
ð17ÞTo solve the boundary integral equations numerically, the contact region Cc and the inhomogeneity–substrate
interface Ci are ﬁrst divided into Nc and Ni elements. Linear element is used such that contact pressure, trac-
tion and displacement within the element can be expressed as:ui ¼ N 1uei þ N 2ueþ1i ; i ¼ 1; 2 ð18Þ
ti ¼ N 1tei þ N 2teþ1i ; i ¼ 1; 2 ð19Þwhere uei , u
eþ1
i , t
e
i , t
eþ1
i are the nodal displacements and tractions, and the shape functions in natural coordi-
nates are N1 = (1  r)/2, N2 = (1 + r)/2, 1 6 r 6 1. Similarly, the coordinates can be expressed in terms of
nodal coordinates asxi ¼ N 1xei þ N 2xeþ1i ; i ¼ 1; 2 ð20Þ
As the ﬁeld point n does not located within the integration elements, the kernels in Eq. (17) are regular and the
Gaussian integration is applied to perform the numerical integration of the kernels over the elements. As the
integral point coincides with the ﬁeld point, the integrals Kij11, K
ij
22, K
ij
32 in Eq. (17) involve a logarithm singu-
larity and can be evaluated analytically as:Z 1
1
ln jx1  n1jN 1
l
2
dr ¼
l
4
ð2 ln l 3Þ; n1 ¼ xe1
l
4
ð2 ln l 1Þ; n1 ¼ xeþ11
(
Z 1
1
ln jx1  n1jN 2
l
2
dr ¼
l
4
ð2 ln l 1Þ; n1 ¼ xe1
l
4
ð2 ln l 3Þ; n1 ¼ xeþ11
( ð21ÞMoreover, the kernels of the integrals Kij23 and K
ij
33 in Eq. (17) become Cauchy singular kernels when integra-
tion points and ﬁeld points coincide. The principal values of Cauchy singular integral can be evaluated by the
identities:
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1
r  s N 1ðrÞdr ¼
ln 2 1; s ¼ 1
1; s ¼ 1

Z 1
1
1
r  s N 2ðrÞdr ¼
1; s ¼ 1
1 ln 2; s ¼ 1
 ð22ÞAs the contact region is unknown a priori, the Bisection iteration method is used to determine the actual
contact width 2c. Initial upper and lower values of the half contact width are set to cmin = 0.1c0 and
cmax = 10c0 to begin the search process where c0 is the half contact width for the homogeneous half-space,
which is:c0 ¼ 2ð1 tÞPRpl
 1=2
ð23Þand the maximum contact pressure ispH0 ¼
2P
pc0
ð24ÞFor each step, the half contact width, cm = (cmin + cmax)/2, is computed and numerical iterations are per-
formed until cm converges to the actual solution and gives zero contact pressure on the endpoints of contact
region. As the contact pressure has greater gradient near the contact edge, the boundary elements with
unequal length are generated with smaller elements near the contact edge. The nodal coordinates of the con-
tact elements are given by:xi1 ¼ c sin
i 1
Nc
 1
2
 	
p ð25ÞAfter the integral equations are solved, the interior displacement ﬁeld can be obtained by substituting p(x1),
ti(x) and ui(x) into Eqs. (10) and (13) and the stress ﬁeld is calculated from the stress–strain relations.
4. Results and discussion
Numerical results are presented to study eﬀects on the contact pressure and stress disturbances caused by an
inhomogeneity with various sizes, locations and material properties when a cylindrical indenter slides over the0
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Fig. 2. Distribution of contact pressure for diﬀerent values of c (a = 0.1 mm, dx1 = 0, dx2 = 0.2c0, c0 = 1.63 mm).
866 C.-H. Kuo / International Journal of Solids and Structures 44 (2007) 860–873surface of an elastic half-space. The indenter with radius R = 80 mm is loaded by a normal line contact load-
ing P = 6 · 106 N/m. The shear modulus and Poisson’s ratio for the half-space are chosen as ls = 80.77 GPa
and ts = 0.3, respectively, and the Poisson’s ratio for the inhomogeneity is chosen as ti = 0.3. The ratio of
shear modulus of the inhomogeneity to that of substrate matrix is deﬁned as c = li/ls. For comparison,
the contact width and maximum contact pressure for the homogeneous half-space subjected to the contact
loading are calculated using Eqs. (20) and (21), which give 2c0 = 3.22 mm and pH0 ¼ 2:35 GPa. The solutions
for the limiting cases of a circular void and a rigid inhomogeneity in the half-space can be obtained by letting
c = 0 and c!1, respectively.
In the ﬁrst example, the half-space containing a circular inhomogeneity is considered to study eﬀects of the
inhomogeneity on the contact pressure. The radius of the inhomogeneity is a = 0.1 mm and its center is0.2
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Fig. 3. Maximum contact pressure as a function of location of a circular inhomogeneity for diﬀerent values of c (a = 0.1 mm, dx1 = 0).
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Fig. 4. Maximum contact pressure as a function of the size of a circular inhomogeneity for diﬀerent values of c (a = 0.1 mm, dx1 = 0).
C.-H. Kuo / International Journal of Solids and Structures 44 (2007) 860–873 867located at dx1 = 0 and dx2 = 2c0. Fig. 2 shows the distributions of contact pressure on the contact region for a
circular inhomogeneity with diﬀerent material properties. The contact pressure and x1 coordinate are normal-
ized by pH0 and c0, respectively. The results show that the distribution of contact pressure can be aﬀected locally
by the inhomogeneity near contact surface. When the inhomogeneity is harder than the substrate material
(c > 1), the magnitude of contact pressure increases in the region close to the inhomogeneity. On the other
hand, softer inhomogeneity (c < 1) tends to reduce the magnitude of contact pressure locally. Variations of
maximum contact pressure as a function of the location of the inhomogeneity are shown in Fig. 3 for diﬀerent
values of c. The inﬂuence of inhomogeneity diminishes as the inhomogeneity moves away from contact sur-
face. When dx2/c0 > 0.6, eﬀect of the inhomogeneity on contact pressure becomes very small and the distribu-
tion of contact pressure converges to the solution of homogeneous half-space. In Fig. 4, the maximum contact0
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Fig. 5(a). Distribution of contact pressure for the half-space containing an elliptic inhomogeneity with diﬀerent aspect ratio a/b (dx1 = 0,
dx2 = 0.2c0, b = 0.1c0, c = 4).
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Fig. 6. Sliding contact on the half-space containing an inclined elliptical inhomogeneity.
Fig. 7(a). Contours of maximum shear stress for the half-space containing an elliptic inhomogeneity with c = 4 (a = 0.5c0, b = 0.2c0,
dx1 = 0, dx2 = 0.5c0).
Fig. 7(b). Contours of maximum shear stress for the half-space containing an elliptic inhomogeneity with c = 0.25 (a = 0.5c0, b = 0.2c0,
dx1 = 0, dx2 = 0.5c0).
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Fig. 7(c). Contours of maximum shear stress for the homogeneous half-space.
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Fig. 8(a). Maximum shear stress as a function of location of inhomogeneity with c = 4 (a = 0.5c0, b = 0.2c0, dx2 = 0.5c0).
C.-H. Kuo / International Journal of Solids and Structures 44 (2007) 860–873 869pressure are calculated as a function of the radius of a circular inhomogeneity to investigate eﬀect of the inho-
mogeneity on the contact pressure with various sizes. The inhomogeneity is located at dx1 = 0 and dx2 = 1.2c0
below the contact surface. It is found that the eﬀect on the maximum contact pressure increases with increas-
ing sizes of inhomogeneity, and the contact pressure is increased due to the presence of hard inhomogeneity
while softer inhomogeneity reduces the magnitude of maximum contact pressure.
The distributions of contact pressure for the half-space containing an elliptical inhomogeneity with diﬀerent
aspect ratios a/b(b = 0.1c0) are shown in Figs. 5(a) and 5(b) for c = 4 and c = 0.25, respectively. The inhomo-
geneity is located just below the contact surface at dx1 = 0 and dx2 = 0.2c0. The distributions of contact pres-
sure appear to be quite diﬀerent between hard and soft inhomogeneities. The hard elliptical inhomogeneity,
e.g. c = 4, could increase the magnitude of contact pressure in the vicinity of the inhomogeneity with all
a/b ratios. However, a greater variation of distribution of contact pressure is seen in Fig. 5(b) for the soft
inhomogeneity (c = 0.25) where double peak values of contact pressure are found for the inhomogeneity
Fig. 9(a). Contours of principal stresses for the half-space containing an elliptic inhomogeneity with c = 4 (a = 0.5c0, b = 0.2c0, dx1 = 0,
dx2 = 0.5c0).
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Fig. 8(b). Maximum shear stress as a function of location of inhomogeneity with c = 0.25 (a = 0.5c0, b = 0.2c0, dx2 = 0.5c0).
870 C.-H. Kuo / International Journal of Solids and Structures 44 (2007) 860–873with aspect ratios a/b = 2 and a/b = 4. The contact pressure are more uniformly distributed for the elliptical
inhomogeneity with a/b = 8.
Experimental results have shown that fatigue cracks may initiate at large nonmetallic inclusions below the
contact surface in the region of the maximum cyclic shear stress. To investigate stress disturbances created by
the inhomogeneity in the subsurface of half-space, the example for a indenter sliding over the half-space con-
taining an inclined inhomogeneity of elliptic shape is considered as shown in Fig. 6. The coeﬃcient of friction
is f = 0.1 and the lengths of major and minor axes of the elliptical inhomogeneity are chosen as a = 0.5c0 and
b = 0.2c0, respectively. The inhomogeneity is located at dx1 = 0 and dx2 = 0.5c0 with an angle h = 15. Figs.
7(a) and 7(b) show the contours of maximum shear stress in the subsurface for c = 4 and c = 0.25, respectively.
For comparison, contour plot of maximum shear stress for the homogeneous half-space subjected to the same
contact loading is shown in Fig. 7(c), where the maximum shear stress is smax ¼ 0:306pH0 and occurs at the loca-
tions x1 = 0.32c0 and x2 = 0.72c0. The stress disturbances caused by inhomogeneity can be seen in the vicinity
Fig. 9(b). Contours of principal stresses for the half-space containing an elliptic inhomogeneity with c = 0.25 (a = 0.5c0, b = 0.2c0,
dx1 = 0, dx2 = 0.5c0).
Fig. 9(c). Contours of principal stresses for the homogeneous half-space.
C.-H. Kuo / International Journal of Solids and Structures 44 (2007) 860–873 871of the inhomogeneity and they are quite diﬀerent between hard and soft inhomogeneities. For hard inhomo-
geneity, maximum shear stress smax ¼ 0:454pH0 is found at lower boundary of the inhomogeneity and is about
48% increase in comparison with that in the homogeneous half-space. For soft inhomogeneity, the maximum
shear stress smax ¼ 0:665pH0 has 117% increase compared to that in the homogeneous half-space and occurs in
the substrate near both tips of the inhomogeneity and is conﬁned in a small area. Figs. 8(a) and 8(b) show
variation of maximum shear stress with the position of the inhomogeneity in relative to the centerline of
the indenter. For the hard inhomogeneity, the maximum value of shear stress occurs when the inhomogeneity
is located near the trailing edge of the indenter, dx1 = 1.2c0, and the maximum shear stress, smax ¼ 0:628pH0 ,
has 105% increase as compared with the homogeneous half-space. For soft inhomogeneity, the maximum val-
ues of shear stress occurs at the leading edge of the indenter, dx1 = 0.6c0, and the maximum shear stress,
smax ¼ 0:903pH0 , has 195% increase as compared with the homogeneous half-space. The results show that
the presence of the inhomogeneity indeed can signiﬁcantly increase the magnitude of maximum shear stress
to cause plastic deformation and material microstructural changes as the indenter moving across the surface
of the half-space.
872 C.-H. Kuo / International Journal of Solids and Structures 44 (2007) 860–873The contours of maximum principal stress are shown in Figs. 9(a) and 9(b) for c = 4 and c = 0.25, respec-
tively, and the contour plot for the homogeneous half-space is shown in Fig. 9(c). For both hard and soft inho-
mogeneities, the principal stresses are mostly compressive except near the trailing edge of contact surface
where small magnitude of tensile stress exists. A greater magnitude of principal stress is found at the interface
of hard inhomogeneity. Figs. 10(a) and 10(b) are the distributions of shear stress along the boundary of the
inhomogeneities with c = 4 and c = 0.25. It is shown that the hard inhomogeneity has greater shear stress
developed at the interface while the shear stress at interface of soft inhomogeneity is relatively small. The result
implies that the stress disturbances created by hard inhomogeneity may cause sliding failure at the interface
between inhomogeneity and substrate and the soft inhomogeneity appears to be less harmful to the rolling
contact components.upper boundary
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Fig. 10(b). Distribution of shear stress at the boundary of the inhomogeneity with c = 0.25 (a = 0.5c0, b = 0.2c0, dx1 = 0, dx2 = 0.5c0).
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Fig. 10(a). Distribution of shear stress at the boundary of the inhomogeneity with c = 4 (a = 0.5c0, b = 0.2c0, dx1 = 0, dx2 = 0.5c0).
C.-H. Kuo / International Journal of Solids and Structures 44 (2007) 860–873 8735. Conclusions
A two-dimensional contact stress analysis is presented to investigate the stress disturbances caused by inho-
mogeneity in an elastic half-space and its eﬀect on the contact pressure. Numerical results show that contact
pressure is increased locally by the hard inhomogeneity near contact region, while the presence of soft inho-
mogeneity can cause the distribution of contact more uniformly. The magnitude of maximum shear stress is
signiﬁcantly increased by the existing inhomogeneity as the indenter moving across the surface of the half-
space. The present analysis develops a useful approach for quantifying the stress disturbances created by
the inhomogeneity in the half-space under contact loading.
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